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Abstract— In this tutorial, we review some of the recent
results concerning Compressive System Identification (CSI)
(identification from few measurements) of sparse channels (and
in general, Finite Impulse Response (FIR) systems) when it
is known a priori that the impulse response of the system
under study is sparse (high-dimensional but with few non-
zero entries) in an appropriate basis. For the systems under
study in this tutorial, the system identification problem boils
down to an inverse problem of the form Ax = b, where the
vector x ∈ RN is high-dimensional but with K � N non-
zero entries and the matrix A ∈ RM×N is underdetermined
(i.e., M < N ). Over the past few years, several algorithms
with corresponding recovery conditions have been proposed to
perform such a recovery. These conditions provide the number
of measurements sufficient for correct recovery. In this note, we
review alternate approaches to derive such recovery conditions
concerning CSI of FIR systems whose impulse response is
known to be sparse.

I. INTRODUCTION

A. High-dimensional but Sparse Dynamical Systems

The fundamental dimensionality of many systems of prac-
tical interest is often much less than what is suggested
by the dimensionality of a particular choice for parame-
terization. Many systems are often either low-order or can
be represented in a suitable basis or formulation in which
the number of significant degrees of freedom is small. We
refer to such systems simply as sparse systems. In terms
of a difference equation, for example, a sparse system may
be a high-dimensional system with only a few non-zero
coefficients or it may be a system with an impulse response
that is long but contains only a few non-zero terms. Multipath
propagation [1]–[3], sparse channel estimation [4]–[6], large-
scale interconnected systems with sparse graph flow [7]–[10],
time varying systems with few piecewise-constant parameter
changes [11], [12], and sparse initial state estimation [13],
[14] are examples involving dynamical systems that are high-
dimensional in terms of their ambient dimension but have a
sparse (low-order) representation.

B. Exploiting Sparsity via Compressive System Identification

System identification [15] is a field in control theory that
aims at identifying an equivalent model of a system based on
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its input-output observations. Classical system identification
approaches have limited performance in cases when the
number of available data samples is small compared to the
order of the system [15]. These approaches usually require
a large data set in order to achieve a certain performance
due to the asymptotic nature of their analysis. On the other
hand, there are many application fields where only limited
data sets are available. Online estimation, Linear Time-
Variant (LTV) system identification and setpoint-operated
processes are examples of situations for which limited data
samples are available. For some specific applications, the
cost of the measuring process or the computational effort is
also an issue. In such situations, it is necessary to perform
the system identification from the smallest possible number
of observations, although doing so leaves an apparently
ill-conditioned identification problem. Solving such an ill-
conditioned problem for a unique solution is impossible
unless one has extra information about the true solution.

For high-dimensional but sparse dynamical systems and
inspired by Compressive Sensing (CS), we aim at exploiting
sparsity by performing system identification using a number
of observations that is smaller than the ambient dimension.
We categorize such approaches as Compressive System
Identification (CSI). CSI is beneficial in applications when
only a limited data set is available.

C. CSI of Sparse Channels

As mentioned earlier, many Linear Time-Invariant (LTI)
systems of practical interest have a sparse impulse re-
sponse [4]. Sparse channels are examples of such systems
that have broad applications in signal processing, seismic
imaging, radar imaging, and wireless multipass channel
estimation [6]. The measurement process in such problems
may involve the convolution of an (unknown) system impulse
response with a (known) input (probe). In general, this prob-
lem can be considered as identifying the impulse response of
a Finite Impulse Response (FIR) LTI system from its input-
output observations.

Let {ak}N+M−1
k=1 be the applied input sequence to an LTI

system characterized by its finite impulse response x =
{xk}Nk=1. Then the corresponding output is calculated from
the time-domain convolution. Considering the ak and xk
sequences to be zero-padded from both sides, each output
sample bk can be written as

bk =

N∑
j=1

xjak−j . (1)



If we only keep M consecutive observations of the system,
b = {bk}N+M

k=N+1, then (1) can be written in a matrix-vector
multiplication format as

b = Ax, (2)

where

A =


aN aN−1 · · · a1
aN+1 aN · · · a2

...
...

. . .
...

aN+M−1 aN+M−2 · · · aM

 (3)

is an M × N Toeplitz matrix. Supposing the system has a
K-sparse impulse response, we are interested in efficiently
acquiring and retrieving x via its multiplication by the M ×
N compressive (M < N ) Toeplitz matrix A. In addition to
the application to convolution-based measurement scenarios,
it is worth noting that while fully populated M ×N random
matrices require NM elements to be generated, Toeplitz
matrices require only N + M − 1 distinct random entries,
which may provide an advantage in other CS applications.

In this tutorial, we review and derive bounds on the
sufficient number of measurements M (namely, recovery
conditions) such that (2) (a highly underdetermined set of
linear equations) has a correct solution by solving an `1-
minimization problem. In what follows, we first review some
of the basic concepts in CS and then explain its use in the
context of channel estimation and FIR systems.

II. COMPRESSIVE SENSING (CS)

CS, introduced by Candès, Romberg and Tao [16] and
Donoho [17], is a powerful paradigm in signal processing
which enables the recovery of an unknown vector from an
underdetermined set of measurements under the assumption
of sparsity of the signal and under certain conditions on
the measurement matrix. The CS recovery problem can be
viewed as recovery of a K-sparse signal x ∈ RN from
its observations b = Ax ∈ RM where A ∈ RM×N is
the measurement matrix with M < N (in many cases
M � N ). A K-sparse signal x ∈ RN is a signal of length
N with K non-zero entries where K � N . The notation
K := ‖x‖0 denotes the sparsity level of x. Since the matrix
A ∈ RM×N has a non-trivial nullspace when M < N , there
exist infinitely many solutions to the equation b = Ax,
given b. However, recovery of x is indeed possible from
CS measurements if the true signal is known to be sparse.
Recovery of the true signal can be accomplished by seeking
a sparse solution among these candidates.

A. Recovery via `0-minimization

Supposing that x is exactly K-sparse, then recovery of x
from b can be formulated as the `0-minimization

x̂ = arg min ‖x‖0 subject to b = Ax. (4)

When A is populated with random entries and given some
technical conditions on A, then with high probability this
optimization problem returns the proper K-sparse solution
x. We note that the recovery program (4) can be interpreted

as finding a K-term approximation to b from the columns
of the dictionary A [17], [18].

B. Recovery via `1-minimization

Unfortunately, solving the `0-minimization problem (4) is
known to be NP-hard. Thanks to the results of CS in regards
to sparse signal recovery, however, it has been discovered
that it is not always necessary to solve the `0-minimization
problem (4) to recover x. In fact, a much easier problem
often yields an equivalent solution: we only need to solve for
the `1-sparsest x that agrees with the measurements b [16],
[17], [19]–[22] by solving

x̂ = arg min ‖x‖1 subject to b = Ax. (5)

The `1-minimization problem (5), also known as Basis
Pursuit (BP) [23], is significantly more approachable and
can be solved with traditional linear programming techniques
whose computational complexities are polynomial in N .

C. `0/`1 Equivalence and the Restricted Isometry Property

The Restricted Isometry Property (RIP), introduced by
Candès and Tao [21], is one of the most fundamental recov-
ery conditions that has been studied in the CS literature [24].
Establishing the RIP for a given matrix A guarantees that the
solution to the `1-minimization problem is equivalent to the
solution to the `0-minimization problem.

Definition 1: The matrix A ∈ RM×N has the RIP of order
K if there exists a constant εK ∈ (0, 1) such that

(1− εK) ≤ ‖Ax‖
2
2

‖x‖22
≤ (1 + εK) (6)

holds for all K-sparse signals x ∈ RN (∀x with ‖x‖0 ≤ K).

A useful interpretation of this condition is in terms of
the singular values. Establishing the RIP of order K with
isometry constant εK (namely, RIP(K, εK)) is equivalent to
restricting all the eigenvalues of all the submatrices ATSAS
to the interval (1− εK , 1 + εK). In this notation, AS is an
M ×K submatrix of A whose columns are those columns
of A indexed by the set S with cardinality |S| ≤ K. Note
that by definition of the RIP we need to satisfy this condition
for all the

(
N
K

)
submatrices ATSAS [4], [25], [26]. Therefore

establishing the RIP for a given matrix is a combinatorial
task. However, it has been shown that some specific matrix
ensembles satisfy the RIP. For example, Baraniuk et al. [25]
showed that a random M × N matrix with independent
and identically distributed (i.i.d.) Gaussian entries drawn
from N

(
0, 1

M

)
will satisfy the RIP of order K with high

probability if M = O
(
K log N

K

)
. For the `1-minimization

problem (5), establishing the RIP of order 2K with constant
ε2K < 0.4652 for a given A guarantees exact recovery of any
K-sparse signal x ∈ RN [20], [26], [27]. Robust recovery is
also possible in the presence of measurement noise and for
compressible signals [27]. While other recovery guarantees
including the Exact Recovery Condition (ERC) [28], and the
mutual coherence [29], [30] have been proposed in the CS
literature, in this tutorial we consider the RIP [21].



III. RIP FOR TOEPLITZ MATRICES

As mentioned earlier, the sparse channel estimation prob-
lem boils down to recovery of a signal x ∈ RN from an
underdetermined set of linear equations b = Ax where the
matrix A is a Toeplitz ensemble of the form (3). In order
to have exact unique recovery of x via the `1-minimization
problem (5), it is sufficient to show that A satisfies the RIP.

Compressive Toeplitz (and circulant) matrices have been
previously studied in the context of CS in [1]–[4], [31]–
[33]. Recently Rauhut et al. [26] improved the best existing
quadratic bounds [4], [34] on the number of measurements
sufficient for correct recovery. Using more complicated math-
ematical tools such as Dudley’s inequality for chaos and
generic chaining, Rauhut et al. demonstrated1 that random
Toeplitz matrices (and in a more general case, partial random
circulant matrices) satisfy the RIP of order K if the number
of measurements M ≥ K1.5 (logN)

1.5.
In the rest of this tutorial, we review two alternate

approaches that can be used for establishing the RIP for
Toeplitz matrices. The first approach is based on deriving
Concentration of Measure (CoM) inequalities for Toeplitz
matrices [3], [34]. Although the RIP estimate based on CoM
inequalities is quadratic in terms of the sparsity level (i.e.,
M ∼ K2) and falls short of the best known estimates
mentioned above, deriving CoM inequalities for Toeplitz
matrices is of its own importance. First, as we will see in the
rest of this tutorial, concentration inequalities can be used to
explain the signal-dependent behavior of the recovery results.
Moreover, they are simpler to derive and also give insight
to other applications such as Compressive Binary Detection
(CBD) [3], [34], [36].

The second approach follows the work by Haupt et al. [4]
and is based on Geřsgorin’s Disc Theorem [37]. In this
tutorial, we basically follow the steps outlined by Haupt et
al. [4] to establish the RIP for Toeplitz matrices. However,
we derive new related tail probability bounds that result in
smaller constants in the final recovery condition.

IV. CONCENTRATION OF MEASURE INEQUALITIES

A. Definition

CoM inequalities are one of the leading techniques used in
the theoretical analysis of randomized compressive linear op-
erators [38]. These inequalities quantify how well a random
matrix will preserve the norm of a high-dimensional signal
when mapping it to a low-dimensional space. A typical CoM
inequality takes the following form [39]: For any fixed signal
x ∈ RN and a suitable random M ×N matrix A, the norm
of the signal projected by A will be highly concentrated
around the norm of the original signal with high probability.
Formally, there exist constants c1 and c2 such that for any

1After the initial submission of our manuscript, in their very recent work,
Krahmer et al. [35] showed that the minimal number of measurements
sufficient for correct recovery scales linearly with K, or formally M ≥
O

(
K log (K)2 log (N)2

)
measurements are sufficient to establish the

RIP. The recent linear RIP result confirms what is suggested by simulations.

fixed x ∈ RN ,

P
{∣∣‖Ax‖22 −E

[
‖Ax‖22

]∣∣ ≥ εE [‖Ax‖22]} ≤ c1e−c2Mc0(ε),

where c0 (ε) is a function of ε ∈ (0, 1).
CoM inequalities have been well-studied and derived for

unstructured random compressive matrices, populated with
i.i.d. random entries [39]. However, in many practical ap-
plications, measurement matrices possess a certain structure.
In particular, when linear dynamical systems are involved,
Toeplitz matrices appear due to the convolution process.

B. CoM for Toeplitz Matrices

In [3] we derived CoM bounds for compressive Toeplitz
matrices of the form (3) with entries {ak}N+M−1

k=1 drawn
from an i.i.d. Gaussian random sequence. Our main result,
detailed in Theorem 1, states that the upper and lower tail
probability bounds depend on the number of measurements
M and on the eigenvalues of the covariance matrix of the
vector x defined as

P (x) =


Rx (0) Rx (1) · · · Rx (M − 1)
Rx (1) Rx (0) · · · Rx (M − 2)

...
...

. . .
...

Rx (M − 1) Rx (M − 2) · · · Rx (0)

 ,
where

Rx (τ) :=

N−τ∑
i=1

xixi+τ

denotes the un-normalized sample autocorrelation function
of x ∈ RN .

Theorem 1 ( [3]): Let x ∈ RN be fixed. Define two
quantities ρ (x) and µ (x) associated with the eigenvalues
of the covariance matrix P (x) as

ρ (x) =
maxi λi
‖x‖22

and

µ (x) =

∑M
i=1 λ

2
i

M‖x‖42
,

where λi is the i-th eigenvalue of P (x). Let b = Ax, where
A is a random compressive Toeplitz matrix of the form (3)
populated with i.i.d. Gaussian entries having zero mean and
unit variance. Noting that E

[
‖b‖22

]
= M‖x‖22, then for any

ε ∈ (0, 1), the upper tail probability bound is

P
{
‖b‖22 −M‖x‖22 ≥ εM‖x‖22

}
≤ e−

ε2M
8ρ(x) (7)

and the lower tail probability bound is

P
{
‖b‖22 −M‖x‖22 ≤ −εM‖x‖22

}
≤ e−

ε2M
8µ(x) . (8)

Observe that for all x ∈ RN , µ (x) ≤ ρ (x). Thus,

P
{∣∣‖b‖22 −M‖x‖22∣∣ ≥ εM‖x‖22} ≤ 2e−

ε2M
8ρ(x) . (9)



C. Implications

Theorem 1 provides CoM inequalities for any (not nec-
essarily sparse) signal x ∈ RN . The significance of these
results comes from the fact that the tail probability bounds
are functions of the signal x, where the dependency is
captured in the quantities ρ (x) and µ (x). That is, the
concentration measures are signal-dependent, which is not
the case when A is unstructured. Indeed, allowing A to
have M ×N i.i.d. Gaussian entries with zero mean and unit
variance (and thus, no Toeplitz structure) would result in the
concentration bound (see, e.g., [39])

P
{∣∣‖b‖22 −M‖x‖22∣∣ ≥ εM‖x‖22} ≤ 2e−

ε2M
4 . (10)

Comparing (9) with (10) reveals that achieving the same
probability bound for Toeplitz matrices requires choosing
M larger by a factor of 2ρ (x). Typically, when using CoM
bounds such as (7) and (8), we must set M large enough
so that both bounds are sufficiently small over all signals
x belonging to some class of interest. For example, we are
often interested in signals that have a sparse representation.
Because we generally wish to keep M as small as possible,
it is interesting to try to obtain an upper bound for the
quantities ρ (x) and µ (x) over the class of signals of interest.
For the class of K-sparse signals, it is trivial to show that
µ (x) ≤ ρ (x) ≤ K. This bound in fact can be used
in establishing RIP for Toeplitz matrices. In a previous
work, a CoM inequality of the form (10) has been used to
show that an unstructured matrix A satisfies the RIP with
high probability if M ≥ O

(
K log

(
N
K

))
[25]. An approach

identical to the one taken in [25] can be used to establish
the RIP for Toeplitz matrices based on the CoM inequalities
given in Theorem 1. In particular, since ρ (a) is bounded by
K for all K-sparse signals in the time domain, we have the
following result.

Theorem 2 ( [3], [34]): An M × N Toeplitz matrix A
with i.i.d. Gaussian entries satisfies the RIP of order K with
high probability if M = O

(
K2 log

(
N
K

))
.

D. Simulation Results

Although the result of Theorem 2 demonstrates a quadratic
dependency of M in K for all K-sparse signals, simulations
strongly suggest that the minimal number of measurements
sufficient for correct recovery scales linearly with K. More-
over, simulation results depict different recovery performance
for different K-sparse signal classes when measured by
Toeplitz matrices. Fig. 1(a) depicts the required number of
measurements M for having a recovery rate exceeding 0.99
over 1000 realizations of b = Ax for each sparsity level K
for signals of length N = 512. In order to emphasize the
signal-dependency of the recovery performance, we repeat
the simulation for two different signal classes: 1) K-sparse
signals with random support (i.e., location of the non-zero
entries) and random sign entries (we refer to these signals
as Scattered), and 2) K-sparse signals with block support
and same sign entries (we refer to these signals as Block
Same Sign). As can be seen, Block Same Sign signals have
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Fig. 1. Results regards to two different signal classes: 1) K-sparse signals
with random support and random sign entries (we refer to these signals as
Scattered), and 2) K-sparse signals with block support and same sign entries
(we refer to these signals as Block Same Sign) of length N = 512. (a)
Required number of measurements M to achieve a recovery rate exceeding
0.99 over 1000 realizations of b = Ax for each sparsity level K. (b) Mean
value of ρ (x) for 1000 realizations of x for each sparsity level K.

weaker recovery performance when measured by Toeplitz
matrices. As a benefit of deriving CoM inequalities for
Toeplitz matrices and Theorem 1 we can trace this signal-
dependency behavior in the recovery performance back to the
concentration performance. Fig. 1(b) shows the mean value
of ρ (x) for 1000 realizations for each sparsity level K for
signals of length N = 512 and for the two above-mentioned
signal classes. Observe that Block Same Sign signals have
higher mean ρ (x) value compared to Scattered signals. For
a more detailed analysis on the signal-dependency behavior
of ρ (x) in different bases and for different signal classes
see [34].

V. EIGENVALUE ANALYSIS VIA GERŠGORIN THEOREM

Recall the eigenvalue interpretation of the RIP explained
in II-C. As the second considered approach for establishing
RIP for Topelitz matrices in this paper, we use this interpre-
tation which requires deriving tail probability bounds on the
pairwise products of the columns of a Toeplitz matrix. Our
derivation follows the steps of the work of Haupt et al. [4].
However, we derive new tail probability bounds that result
in smaller constants in the final recovery condition. We start
by presenting Geřsgorin’s Disc Theorem.

Lemma 1 (Geršgorin’s Disc Theorem [37]): Consider a
matrix P ∈ RN×N . For each row of P , calculate the absolute
sum of the off-diagonal entries as ri =

∑N
j=1
j 6=i
|Pij |. Then, all



the eigenvalues of P lie in
⋃N
i=1D (Pii, ri) where D (Pii, ri)

is a disc centered at Pii with radius ri.
Define the Grammian matrix P = ATA ∈ RN×N .

Using the results of Lemma 1, it is trivial to see that if
we assume that for all the N diagonal entries of P , we
have |Pii − 1| < δ1 and for all the N(N−1)

2 distinct off-
diagonal entries of P , we have |Pij | < δ2

K , then all the
eigenvalues of any K × K submatrix of P formed by
ATSAS lie in

(
1− δ1 − (K − 1) δ2K , 1 + δ1 + (K − 1) δ2K

)
.

Assuming δ1 + δ2 = δK this implies all the eigenvalues
of ATSAS for any set S ⊂ {1, 2, . . . , N} with |S| ≤ K lie
in (1− δK , 1 + δK). We now derive tail probability bounds
on the diagonal and off-diagonal entries of P .

Lemma 2 ( [34]): Define the random variable z ∈ R as
z =

∑M
i=1 a

2
i where {ai}Mi=1 are i.i.d. Gaussian random

variables with N
(
0, 1

M

)
. Then

P {z − 1 ≥ ε} ≤
(
(1 + ε) e−ε

)M
2 , ∀ε ≥ 0,

and

P {z − 1 ≤ −ε} ≤
(
(1− ε) e+ε

)M
2 , ∀ε ≥ 0.

Using the fact that (1 + ε) e−ε ≤ e−
ε2

3 for 0 ≤ ε ≤ 0.787

and (1− ε) e+ε ≤ e− ε
2

2 for ∀ε ≥ 0, we have

P {|z − 1| ≥ ε} ≤ 2e−
ε2M

6 , 0 ≤ ε ≤ 0.787.

Lemma 3 ( [3], [39]): Assume a1 ∼ N (0, σ1) and a2 ∼
N (0, σ2) are two independent Gaussian random variables.
Then for s > 0

E [esa1a2 ] =
1√

1− s2σ2
1σ

2
2

.

Lemma 4: Define the random variable z ∈ R as

z =

M∑
i=1

a2i−1a2i = [a1a2 + a3a4 + · · ·+ a2M−1a2M ]

where {ai}2Mi=1 are i.i.d. Gaussian random variables with
N
(
0, 1

M

)
. Then

P {|z| ≥ ε} ≤ 2
(
(1 + ε) e−ε

)M
, ∀ε ≥ 0.

Using the fact that (1 + ε) e−ε ≤ e− ε
2

3 for 0 ≤ ε ≤ 0.787,

P {|z| ≥ ε} ≤ 2e−
ε2M

3 , 0 ≤ ε ≤ 0.787.

Proof See Appendix A. �
Lemma 5: Define the random variable z ∈ R as a sum-

mation of M terms aiaj (i 6= j) where each ai is an i.i.d.
Gaussian random variable with N

(
0, 1

M

)
. Then

P {|z| ≥ ε} ≤ 4
(
e−

ε2

12

)bM2 c
, 0 ≤ ε ≤ 0.787.

Proof See Appendix B. �

Note that the result of Lemma 2 applies to the tail
probability bound on the diagonal entries of P while the
result of Lemma 5 applies to the tail probability bound on
the off-diagonal entries of P . Combining these results with
Geřsgorin’s Disc Theorem and using the union bound we get
the following RIP result.

Theorem 3: Fix ν ∈ (0, 1). Then the matrix A ∈ RM×N
satisfies the RIP of order K for some constant εK ∈ (0, 1)

with probability at least 1− ν2 if M ≥ 192
ε2K
K2 log

√
3N
ν .

Proof See Appendix C. �

VI. CONCLUSION

In this tutorial, we reviewed two alternate approaches that
can be used for establishing the RIP for Toeplitz matrices.
The first approach was based on deriving CoM inequalities
for Toeplitz matrices. Although the RIP estimate based on
CoM inequalities is quadratic in terms of the sparsity level
(i.e., M ∼ K2) and falls short of the best known estimates,
we showed that deriving CoM inequalities for Toeplitz
matrices is of its own importance. First, such concentration
inequalities can be used to explain the signal-dependent
behavior of the recovery results. Moreover, they are simpler
to derive and can be used in other applications such as the
binary detection problem.

The second approach was based on Geřsgorin’s Disc
Theorem and followed the existing steps outlined by Haupt
et al. to establish the RIP for Toeplitz matrices. Deriving
different tail probability bounds, however, we established the
RIP using smaller constants.

APPENDIX

A. Proof of Lemma 4

Observe that E [z] = 0. Using a Chernoff bound, we have

P {z −E [z] ≥ ε} = P {z ≥ ε} ≤ min
s>0

E [esz]

esε
.

By Lemma 3 and using the independenc of the M terms in
z (i.e., {a2i−1a2i}Mi=1), we have, for s > 0

E [esz] =

 1√
1−

(
s
M

)2
M

.

Therefore,

P {z ≥ ε} ≤ min
s>0

(
1−

( s

M

)2)−M2
e−sε.

Let f(s) =
(

1−
(
s
M

)2)−M2
e−sε. We have

df(s)

ds
= 0⇔ εs2 +Ms− εM2 = 0.

The function f(s) has a minimum at

s? = M

√
1 + 4ε2 − 1

2ε
,



which equivalently satisfies

1−
(
s?

M

)2

=
s?

Mε
.

Therefore,

P {z ≥ ε} ≤ f(s?) =

(√1 + 4ε2 − 1

2ε2

)− 1
2

e−
√

1+4ε2−1
2

M

=: (g (ε))
M

≤
(
(1 + ε) e−ε

)M
,

where we use the inequality g(ε) ≤ (1 + ε) e−ε, ∀ε ≥ 0.
Following the similar steps, we have for s > 0

P {z ≤ −ε} = P {−z ≥ ε} ≤ min
s>0

E [e−sz]

esε

= min
s>0

(
1−

( s

M

)2)−M2
e−sε

≤
(
(1 + ε) e−ε

)M
.

Combining the two tail probability bounds, we have

P {|z| ≥ ε} ≤ P {z ≥ ε}+ P {z ≤ −ε}

≤ 2
(
(1 + ε) e−ε

)M ∀ε ≥ 0.

B. Proof of Lemma 5

Observe that compared to the definition of z in Lemma 4,
the M elements in z are not necessarily independent any-
more. However, Haupt et al. [4] showed that with a clever
grouping of the M variables in z, we can always write z
as a sum of two variables whose elements are independent.
Assume without loss of generality that M is even. As an
example, assume

z =

M∑
i=1

aiai+1 = [a1a2 + a2a3 + · · ·+ aMaM+1] .

Apparently, the M terms in z are not independent. For
example, a1a2 and a2a3 are dependent terms (both depend
on a2). However, we can write z as a sum of z1 and z2
where

z1 =

M
2∑
i=1

a2i−1a2i = [a1a2 + a3a4 + · · ·+ aM−1aM ] ,

and

z2 =

M
2∑
i=1

a2ia2i+1 = [a2a3 + a4a5 + · · ·+ aMaM+1] .

By this grouping, each term z1 and z2 has M
2 independent

terms. Therefore, we can apply the result of Lemma 4 to
each of z1 and z2. We have

P {|z| ≥ ε} = P {|z1 + z2| ≥ ε}

≤ P
{
|z1| ≥

ε

2

}
+ P

{
|z2| ≥

ε

2

}
≤ 4

(
e−

ε2

12

)M
2

Moreover, it is always possible to write z as a sum of two
variables whose elements are independent. It is trivial to
show that in any situation we can choose elements in z1 and
z2 such that they are a summation of at least bM2 c terms.

C. Proof of Theorem 3

Without loss of generality, assume M is even. From
Lemma 2 and Lemma 5, we have for 0 ≤ ε ≤ 0.787

P {|Pii − 1| ≥ ε} ≤ 2e−
ε2M

6 ,

P {|Pij | ≥ ε} ≤ 4e−
ε2M
24 .

Therefore for some ε1 and ε2 such that ε1+ε2 = εK ∈ (0, 1)
and using the union bound we have

P

{
N⋃
i=1

|Pii − 1| ≥ ε1

}
≤ 2Ne−

ε21M

6 (11)

and

P


N⋃
i=1

N⋃
j=1,j 6=i

|Pij | ≥
ε2
K

 ≤ 4
N (N − 1)

2
e−

ε22M

24K2

≤ 2N2e−
ε22M

24K2 . (12)

Now define event A as EA ,
{⋂N

i=1 |Pii − 1| ≤ ε1
}

and

event B as EB ,
{⋂N

i=1

⋂N
j=1,j 6=i |Pij | ≤

ε2
K

}
. As men-

tioned earlier, if EA and EB happen, then A satisfies the RIP
of order K with constant εK . Using the complement events
we have

P {A does NOT satisfy RIP (K, εK)}
≤ P {EcA or EcB}

≤ P

{
N⋃
i=1

|Pii − 1| ≥ ε1

}
+ P


N⋃
i=1

N⋃
j=1,j 6=i

|Pij | ≥
ε2
K


≤ 2Ne−

ε21M

6 + 2N2e−
ε22M

24K2 .

Choosing ε1 = ε2 = εK
2 and for N ≥ 3 we have

P {A does NOT satisfy RIP (K, εK)} ≤ 3N2e−
ε2KM

96K2 .
(13)

Therefore for a given ν ∈ (0, 1), we have

P {A does NOT satisfy RIP (K, εK)} ≤ ν2 (14)

for

M ≥ 192

ε2K
K2 log

√
3N

ν
, (15)

which completes the proof.
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